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ABSTRACT

An array of Superconducting QUantum Interference L)e-
vice (S~UID) bicmagne(,ometcrs may be used to measure

the spatio-ternporal neuromagnet.ic field or magnctoctl-
ccphalogram ( MEG) produced by the brain in respcmse
to a given sensory stimulus, A popIIlar nlod(~l for the neu-
ral activity that produces these fields is a sel of current
di~oles. We assume that the location, orientation, and
magnitude of the dipoles are unknown, We ShOW how
th~ problem may be decomposed into the estimation of
the dipole locations using nonlinear minimization followed
hy linear e8ti!natiorl of tho ~wciated nwnwnt tirlw scri~,ti
‘l’lIt’ methods deacribml are drrrmrlstrwtt’cl in 3 sitlmlaloti
ri})[~lir-atiorl to a three dipole prol~leri~, Criirtwr-Jl:u) Iowvr

Ijt)ullds are d(,rivcd for the white (;i\UN.SiMl noise cast,

1 Introduction

some sensory input, typically iill audit <~ryor YISI;;II S1111111

IUS. A current dipole can accurately rlwd,,l r}t,iiriil ;I,. I I\ II)

localized to one site, repieaeuting ttlt cott(.rt,~it ;irt IY;i[ 1,,11

of hundreds of individual neurons [2]. \$’itli tlli> 111{)[111,
the inverse problem reducw to ttlc tl(>rllinear 01)1IIIIII;II 1[,11

problcnl of computing the lociitiori slid Itmrl](’l)t l):ir:tlll(-

ters of the dipole whose field Iwst Irlatctws 1}11,Ilu,:i.-.llr,

rrwnts in a IeMt-squares riense, For nmrc coIIIl)lI,s {Jr ,11:.

tributed evok~d reponstw, the rtlodcl CaII INI rxt~,ll[l~,l I,,
include multiple dipolcri As in all rrwdelillg sit u;it I(IIS,

a trade-off exists l}.?tween rnm{el Conlplvx ii y iill(l g(,ll{,r:ll-

Ity and the ability to estirllatv r(,liiil)ly thr rllotl~>l I,:ir;llll
vters from t,hr given rl)cwjur(,l[](,jlt djkt ii ’10 lli(’r(:L\l {It!

cc)r]ll)lexity of lhc source SJ)illiiil rllo(lf,ls tlliLl f:iti III, (11’1(

tively crllployml, M 1:(; r(wr:,,rcll(,r!. Ii:ivt lIt,~IltI II) Ili,rlp

rrttr terllj)or,al rtmdvlitig ass II II Il)t i{~lls, ‘1’11(’ il!l(lltl!)ll !11 ,,

trrrlporal IIIrxlcl incrca.qrs the raligv [~f I lIf, Ill(,:ii.llrflll,lit>

thnt cm bc used i;] rrmdvl fi:lillg, frorll III(, s~);il 1:11 1,1 1111

tcrnporul dorrmir),

A sj)r3tl CFt,CIrlp Orrd dlp O]C rllod(,l WI(I ~h(l rll’(’(%>ilr) [L\,’-, I

cialwl assumptions *I pr(wvrll(,,l III [2], Nlt:(; r,s,;tr II(I.

difl’rr irl how thry dvsr-rihr t II(*t IIIW v;~ri:lt it)ll (If I IIIL11:11,1
lri [3], details of thPN( !rv)(it.lri nn(l th(,ir sillliliirl(y III ft,rlllll

Intitm me dfwcrilw,l III thlx I)iil)(’r, WC r(,strlcl ,llrs,ll, .
to tllr “ro:at ing” {lil~(dv rrio~lrl ;IIIII ~Jrvselll ( ‘r;ltll(c 1{,111

k)wrr I)oltnds for t II(’ whit, ( ;;~us+i:ll) ti(,iw cit..,

2 Data Modc]s

2.1 l)iot-Suvnrt. I,nw



cations about the head and attempting to determine the
underlying current source distribution. We begin hy ex-
amining the model for a single dipole, then expand this
rn~del to account for multiple dipoles.

E~tablishing an origin, denoting the dipole position

as L, and observing the ith measurement at receiver 1~.
cation R(:), the Biot-Savart law for a current dipole ran
be written as

d(i) = k
fix(~(i)-~)

Ifi(i) - El’
(1)

where,

k : constant p~/(4rr)

Al : dipole moment (gain and orientation)

L : dipole location

~(i) : ith measurement receiver location

~(i) : full magnetic field at ~(i)

A SQUID biomagneto,qeter is used to acquire thp mag-
netic field ~t position R(i), but only measures onc com-
ponent of the three-dimensional field. Thus only a m-alar

Ilieiwsurernent is made:

B(i) = J(i) A(i) (2)

where i(i) ,Itmctes the unit orifmtat ion of the ith sen90r

and hence the compomnt of tho magnetic field a~quircd,

iill{l tile operdt ion “. “ dvnotos the inner l~r(~tiuct of lW(J

vertors Combining c(~(liltiolls ( 1) and (2) and rnanlpulat -

ing the resulting tripk scd(ar product yields

~(i)= ~(~(i)- 1) x i(i) A7

lf7(i)- 113
=rj(i)A7, (3)

or simply ~ = G~, where G can he part itiollrd illt~, (III
smaller matrices GP (ss defined in (4)): sirliilarly ~ IIIny
be partitioned as the concatenation of the mOIII(IIt v(’clc~r>
for each of the p dipoles, Thus for 7n sensors and p dil~]l{~,

B is m x 1, matrix G is m x 3P, and vec;or T is :]1)x 1,
For simplicity in deriving the model, the bionlag,,:f 0111

ter is assumed to make a perfect point field n}c~surrlll(lll
However, the finite coil area and gradiorllc’t~r conli~uratl,,ll
of a practical SQIJID Liomagnetorneter, as well M 01I)cr {I-
fects such ,aa head and source models, CaII also I)(>illrllltl{~l
into the model, resulting in a very sill)ilar forrllulatiol] [(,
that presented here [4].

‘1’he above expression is for a single time siice of diit~i,

but evoked response data are usually collected M S:iIII1,I,I+

over a segmei~t of time. The result is a s}):itiot(’l~lll(~r:ll
data matrix ~ = ~(l), ,&(N’)] of 7~1spatial Ill(’iL\llr,-
rrrents by N temporal measurenmnts. hlEG res(iirrtlfr.

differ in the constraints that should be placed 011 [IIIL 1,,-
cation and moment paranwters. In [3], the dilr~’rvllt ,.011

strained models are reviewed ill this pap{~r tllc III(j(ltl

mtricts the location of the dipoles to tw cons[aIIt tllr(]itgli
out the me~qurrment interval, but alltwvs tllr III(JIII(III[111-
tensities and orientations to vary. ‘1’11(’(Iiltil Ill:itrl:i IS 1111111

l(j) z

and cnrh partition Al,(j)



we presented the specific details for the MEG problem. In
this paper, we wish to focus our efforts cn bo~nding the
error of such an estimator.

3.1 The Crarner-11.ao Bound

In this subsection, we will adapt our notation to effectively
use the results of Stoics [7] for most of the proof; however,
unlike Stoics, we restrict ouraelvw, to real data whi!e ex-
panding our definition of his arra! manifold.

W’e awurne that the unknown parameters are the vari-
ance of the noise, U2, the moment time scrie~, ~(j), and
the dipole locations in /3. For convenience, we will group
these parameters into one vector *,

@ = [u~,~(l)~ ,...,~(N)T, z,, ip]~ip]~ (8)

where we have now explicitly listed the location parame-
ters in O for the p dipoles. We also recall that G(O) haa the
partiticmed structure G = [Gl , . . . . Gp], where each par-
tion is itself m x 3; similarly, ~(j) can also be partitioned
M the concatenation of the moment ve-tcrs for each of the
p dipoles, ~(j)T = ~J(~)TI ~~ I ~(~)T)

Theorem 1 (Cramer-Rao Inequality) For the set of
data F and (he stated probab:hfy d:sfmbufton Juncfton OJ

fhe noue, let J 6c any rkrrbtaseff estlmatf- o: ihf drter7ntn-

IstIr pammcfers based on F = G(d)T + N. Then

E{(O - i~)(i)– i))7} 2 J-l ({))

udrrm J 1Athe Fdrrr :n~ormatlon matrtx,

Proof SW for exarnplr [8]. To calculate the Fish(’r infor-
Il)ation lllatrix, we need to crd~’ulnto partial dcrivativos of
the log-likelihood function and tncn take expected values
of the outm product. For t!)o crwe of spa ially and tcllr
porally wt, !C Grmssiarl noirw with vnriancv o ?, thr’ ic)g-
Iiliolihoo(! f:jnction is straight forward to cs.lcu]al e for m
rwllmrs and N tinw sampks, yio],!ing

in/ :: –N7nlr)(fi) - ~,VtI; lrl(fl~)

-+ $ Ill(;) - G(fl).r’(j)ll:’ (11)

J= I

strniglltf(lrwi~rd to crkl~tJIIItc, ,as in [7],

that of Stoics due to the expanded form of tlIe rrmtrix G.
Each of the p dipole locations ~k is itself rei~rescnted 1,}
three parameters, which we wiil here deno Le by (’iirtmia[l

coordinates L=k, I.Yk, and L=k. ~~onsider the part l;~i ~vit)l

H3peCt tO Lrk,

61nl
— = $ ~[#-Z(j)lTM3)
6L=k

(1’1)
j=l ‘k

which in turn requires the partial of the gain rl~atrix. X(ItV

consider that only the kth partition of t.hv gairl I:latrix t>
a f~~nction of location I.zk,

~=[o, . . ..o. ~,o,o],o] (13)
r .,=

This partition is in general rn x 3, (or]e coll]r]m i.)r eaclI t,f
the three moment directions), and wr denote tli(, ~)iir[];il

of this partition by the m x 3 rnatrtx

bGk——~(l~rk) ❑ ~,,rk
(1(;)

Thus we can simplify Eq\lation (14) ,M

filnl
— = ~ ~[{i(l.rk)~k(j)]T&(j)
C$L=L

(17)
j=l

‘I’he other two prkrtiais for Lyk and f., t wc Slrlll]ii:ly

formed. This notation rJow nlh’s us to rll(,r{b C(IIIIIIaCt l}

~escribc the 3 x 1 partials vvcl{)r with rrslject tt) llIt, v(,cl{,r
I.k, rather tharl just its irldi~idual ~ol))llor){’rlt$” l,~k, I,j,
and ],lk:

6 In 1

-m=
+ ~[[d(l~k). d(~.”k), d(f.,k)]

j=l

[

~k(j) ‘) ‘)
o ~k(j) ‘)

1

]/’J:(J) (ISJ

() () L(j)

[

1:1(,>~, (j) (1

X(j) : 1(:’1)

i) /, .O, 1’,,(J)



This notation allows us to now parallel the work of Sto
!ca [7] in deriving the expectations of the cross products.
With the assumption that the the noise is zero-mean and
white, several of the expectations of the cross products

are simply zero. We can group the parameters in + M

O = [U2,ZT,8T]T. If we define A(j) s GTDX(j), A s

[A(l)T, ,.., A(N)T]T, and I’ = ~$=l(Dx(j))T(IMC( j)),
the:) the Fisher information matrix partitions nicely into
three parts. After taking all expectations, the final rmult
for the Fisher information matrix is

[

*OO

J=; O ]N 3GTG A 1 (23)
o AT ~

Inversion of this matrix J gives us the CraIner-Rao lower
bound (CRLB) for the error variance. W’e are particularly
interested in the diagonal elements of this inverse, since the
CRLB for the ith param!~er ~, is simply the i--ith element
of J-l [8, page 51]. With this partition and using the
standard inversion formula [8, page 102], we can express

the CRLBS for the variance and the locations as

2(7’
C’RLI?(L72)= ~ (24)

(’/2/ .}1(0) = u2[r -AT[lN @(G7G)-1~-1
N

= a2[~(DX[j)) TP~.{DX(j))]-1 (25)
J=l

whore Pi = (I – GGt) = (I - P(;) is the orthogona]
complement of the projection matrix fur G, and we urw

rc[luced rank fornls of G M nectwary to fern] the p,sou-
doltlversr Gt. For the calculation of thr (~ltl.il for thr
nmrlwnt tinre series, if we let ~ s C’A!L/J(0)/r72, thrn (}KS
(’1{[,11 for ~ach tirllr j, j = 1, , , ,fV is

(:1{1.l~(~(j)) = tr2(GTG) “
(I+ GrDX(j)7X(j)TD7 G(G’rG)-1) (26)

4 Computational Results

matrix G. The moment time series T were then I[)urltl
aa a linear least-squares fit. ‘Ihf.’ true arid estir]lat(,d 1,,-
cations are listed in Table 1 and th(- estimated tillw s(,rit,s

are shown in Figure 1 (left), overlaid with the origlniil sill].
ulated time seri~. To apptoxinlate a constraint, d ori( rtt ;i -

tion, the identified time series were then fit to a :“t[lk (.,11,,
model (per dipole) via an SVD, resulting in tl]t, tilll,, >(,-
ries dwplayed in Figure 1 (right). The true and i(lt,i]( ifit, d

moments are displayed in Tabk 1.
To illustrate the CRLB calculations, ill thr sec,,lid sil]]-

ulation we examined the case for ouc tiril(~ slict~, ,$’ = 1,

and calculated the error variance for the locati[~ll (If ~oli,
dipole as a function of dktallc(, to tile array. TII,, ~iil,(,l,
was oriented in the x-axis direction and was rno~(d alo IIg

the z-axis from the coordinate origin out to tlt~, arr;ty of”
sensors, The 37 sensors were positioned OH (t It, surf;i(,. (, I

a sphere of radius 12 cm. Figure 2 pre.sellts tll(L s[:uldar~l
deviation for the error ill estimating the xyz coor(]irliitt, s

of the dipole. overlaid on the C!RLBS are ttle rcslll(s (,f
. .

a 1000 iteration Monte Carlo run for the Ieast-s{lu:lrt,s t~~-

timator. The results show excellent agrcellll,rlt wtl(ll ~tl~
dipole is close to the array, but as the di~mlt~ nears ttl~, c(,{)r-
dinate origin, the errors b~:orlw large, atl,t ttle (.’ritil],r I(I)

bound is apparently no longer a tight lower I,UUII,I
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I Dipole 1 Dipole 2 Dipole 3
True and Estimated Location cm

:Je ~~~~=a:i: :~~ :~:’
True and Estimated Moments (fr~m SVD)

M= My Ma M= M ,~~~ M= M M,
True -0.400 0.862 0.311

‘1
0.767 0.525 0.369 0.516 -0.797~.313

Est. -0.402 0.858 0.319 0.755 !).543 0.;66 0,503 -0.805 0.314
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Figure 1: li’stirmtcd moment time aeriea for three dipoles, ‘1’hrce dipoles of fixed tangential orientation (no radl;d
con~ponent) were given greatly overlapping tinw serit=s and projected into Cartesian coordi~iat, rs, ont, tinw seri(,s l~~,r
coordinate per dipole. A Nelrier-Me.ade simplex algorithm w~ used tc find the Iocatiow ‘Thr nlnc tlrlw st’rl,s
wcrr found with a simple lr-mt-squartw fit, plotted in the left figure, An SVD WM therl pcrforl~lc(! otl rach srt of IIirt,t,

waveforms to ripproximatr constrairled oricnLhtirms, and thr resulting dipole rnorrwnt rnagnitudo imd J)()!:trlty is 11101t I(I

ill the right figure
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